A recently discovered Hardy-Pólya type inequality described by a convex function is considered and further developed both in weighted and unweighted cases. Also some corresponding multidimensional and reversed inequalities are pointed out. In particular, some new multidimensional Hardy and Pólya-Knopp type inequalities and some new integral inequalities with general integral operators (without additional restrictions on the kernel) are derived.
Introduction
The classical Hardy inequality reads It was proved in 1925 by G. H. Hardy in 7] but it has also an interesting prehistory, e.g. it was formulated almost in the paper 6]. By replacing f with f This inequality is many times referred to as Knopp's inequality, with the reference to the paper 11]. However, inequality (1:2) was known before and Hardy himself (see 7, p. 156]) claimed that it was G. Pólya who pointed it out to him (probably by using just the limit argument above). Note that the discrete version of (1:1) is surely due to T. Carleman 2] . We also remark that the constants p p;1 p and e in (1:1) and (1:2) are sharp. The inequalities (1:1) and (1:2) have been investigated and generalized in several directions, e.g. one chapter of the book 14] is devoted to this subject. Moreover, there are two books ( 12] and 17]) completely devoted to this subject. We also refer to the references in these books and the classical book 8]. For some complementary 404 STEN KAIJSER, LUDMILA NIKOLOVA, LARS-ERIK PERSSON AND ANNA WEDESTIG historical remarks connected to this development we also refer to 13]. Concerning several proofs, generalizations and the history of Carleman's inequality we refer to 9] and the references given there. Recently it was pointed out by S. Kaijser et al. in 10] that both (1:1) and (1:2) are just special cases of the much more general (Hardy-Knopp type) inequality
where Φ is a convex function on (0 1): And obviously, (1:3) just follows by using a standard application of Jensen's inequality and the Fubini theorem. This idea was further developed and applied in the thesis 18] and 5]. Concerning some new developments in the theory of convex functions in this connection we also refer to the book 15].
In this paper we generalize the crucial inequality (1:3) in various ways and point out some corresponding applications. In Section 2 we prove some multidimensional versions of (1:3) and also some corresponding reversed inequalities for concave functions. Moreover, we point out that these results imply new multidimensional versions of (1:1) and (1:2) and the corresponding reversed inequalities. In Section 3 we prove some weighted versions of the results in Section 2 and derive the corresponding generalizations of Hardy and Pólya-Knopp type inequalities. Finally, in Section 4 we prove some new results of the type (1:3) where the Hardy operator H defined by Conventions. Throughout this paper all functions are assumed to be positive and measurable and expressions on the form 0 1 1 1 and 0 0 are taken to be equal to zero. Moreover, by a weight u = u(x) we mean a non-negative measurable function on the actual interval or more general set.
A multidimensional Hardy-type inequality
In this Section we prove and discuss the following Hardy- 
1 ; By making the same calculation with Φ concave we see that only the inequality sign will be reversed and the proof is complete.
By choosing Φ(t) = t p in Theorem 2:1: we obtain some natural multidimensional forms of the classical Hardy and reversed Hardy inequalities. 
The proof of the case p < 0 is completely similar. Moreover, for the case 0 < p < 1 the function Φ is concave and the proof of (2:4) follows in an analogous way by applying (2:2):
The proof is complete.
By choosing Φ(t) = exp(t) in Theorem 2:1: and replacing f by ln g p we obtain the following multidimensional form of the so called Pólya-Knopp's inequality: The proof follows by using this inequality with g(x 1 : : : x n ) = xn bn a simple calculation shows that A 1 = A 2 = 1 ( A 1 and A 2 are defined by (3:3) and (3:4)) and we get (2:1) and (2:2)):
Hardy-type inequalities with a general kernel
In this section we consider the following general Hardy-type arithmetic mean operator:
where f (x) is real-valued and measurable, k(x y) is measurable and nonnegative, and
We also consider the natural limit (geometric mean) operator There are some results concerning the mapping properties of these operators (see e.g. 16] and the book 12] and the references given there) but we need always to assume some extra assumptions on the kernel k(x y) (i.e. that it satisfies the so called Oinarov condition). Here we will present some results which can be achieved without any restriction on k except that it is nonnegative. We start by stating the following elementary but surprisingly powerful generalization of many forms of the classical Hardy and Pólya-Knopp inequalities (see e.g. the examples and remarks below). 
If Φ is a positive and convex function on (a c) ;1 6 a < c 6 1 then
for all f with a < f (x) < c 0 6 x 6 b where A K is defined by (4:1):
Proof. By using Jensen's inequality and the Fubini theorem we find that
The proof is complete. 
for all f such that a < f (x) < c 0 
where k( we get
which is a generalization of (14) from 5] and hence we can get e.g. the results from their Corollary 2 (i) with α = 1 in particular that
where R γ is the Riemann-Liouville operator. If u(x) 1 then v(x) = ( 1 ; 
Then from Jensen's inequality we have
By making similar calculations as in the proof of 
for all f with a < f (x) < c 0 6 x 6 b: By using the weight characterization (4:12) and the estimate (4:13) we get that C 6 ln 4 . 1:386294361:
Obviously the condition (4:7) is fulfilled for the weights we have chosed and using the estimate (4:8) with s = 1:27 we get that C . 1:131316436 which is a much better estimate of the best constant C in (4.14) . 
